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Abstract 

For each p > 1 we find an expression, for the main Bellman function 
of three variables associated to the dyadic maximal operator on R", that 
appears in [4], by using an alternative approach which was introduced in 
[^. Actually we do that in the more general setting of tree-like maximal 
operators. 


1 Introduction 


The dyadic maximal operator is a useful tool in analysis and is defined by 
Aid d(a;) = sup I yA j |(^(u)|du: x G Q, Q C R" is a dyadic cube I, (1.1) 

I 101 Jq J 

for every where the dyadic cubes are those formed by the grids 

for A = 0,1, 2,.... As is well known it satisfies the following weak-type 
(1,1) inequality 

|{a; e R" : Aidd(a;) > A}| < ^ f |d(M)|dit, (1.2) 

for every d G L^(R") and every A > 0, from which it is easy to get the following 
L^-inequality: 

IIAlddllp < (1-3) 

for every p > 1 and every (p G L^’(R"), which is known as Doob’s inequality. 

It easy to see that the weak type inequality (HH) is best possible. It has also 
been proved that (11.31) is best possible (see [T], [2] for the general martingales 
and [B] for dyadic ones). 

For the study of the dyadic maximal operator it is more convenient to work 
with functions supported on the unit cube [0,1]”, and for this reason we replace 
Md by: 


M.'d4>{x) = sup I yA j |())(?.t)| du : X G Q, Q 'G [0, 1]” is a dyadic cube I . 

I \Q\ Jq j 


(1.4) 
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Actually we will work in a much more general setting of a non-atomic prob¬ 
ability space {X, /i) equipped with a tree structure T, which plays the same role 
as the dyadic cubes on [ 0 , 1 ]" (for the precise definition, see the next section). 
Then we define the maximal operator corresponding to T, by 

=sup|^^y |(/>|d/r : X G / G t| , (1.5) 

for every (j) G L^{X, fi). Then (II.2p and (11.31) remain true and sharp even in this 
setting. 

An approach for studying such maximal operators is 
the so-called Bellman functions (see 0 ) related to them, 
function of AI 7 -, of two variables is given by 

=snp^^J {Mr ■■ ({>>0, J = 

where /, F are variables satisfying 0 < < F. 

The evaluation of (frel) has been given in [4] , where an effective linearization 
technique was introduced for the operator Mr, which allowed the author to 
precise compute it, and as it can be seen there is a difficult task. In fact it is 
proved that (fOl) is given by 

Bj{f,F) = Fu;,(^^J, 


the introduction of 
The main Bellman 


’dr = F 


lx 


1 , , is the inverse function of Hp, defined by Hp{z) = 


where LOpi [ 0 , 1 ] 

— {p — \)z^ + pzP~^. 

In fact in [4] more general Bellman functions have been computed. The first 
is given by: 


if, F, L) = sup I f [max(Adr L)f dp: [ (j)dp = f, f (j>P dp = F 

Ux Jx Jx 

(1.7) 

where L > f and 0 < < F. 

The evaluation of (ini, as is given in [4] , uses the result of (11.61) and several 
complicated calculus arguments. At last the following function has also been 
evaluated in [4]. This is 


Bp if,F,k) =sup\ [ {MrffYdp: 4>>d, [ (j)dp, [ dp = F, 

Uk Jx Jx 

K : p — measurable subset of X with piK) = fcj’ , (1.8) 

for every (/, F, k) that satisfy 0 < fP < F and 0 < fc < 1. 

Now, an alternative evaluation of (EH has been given in [5], where the 
authors avoided all the calculus arguments that appear in [3]. In this paper we 
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find an expression for m, by using techniques that appear in , and by using 
new inequalities for the operator Ad-j-. This expression already appears in [4], 
and helps us, as can be seen there, in the determination of the quantity HH). 
Our intension in this paper is to reach to this expression by an alternative way, 
that is by using the notion of the nonincreasing rearrangement of a measurable 
function defined on a probability nonatomic space. More precisely, we will prove 
the following 


Theorem A. The following is true 

(/ - Br 


B; if, F, fc) = sup < F - 


BP 


for all B G [0, /] such that hfe(F) < F > , where hk{B) is defined by, (1-9) 


hkiB) 


if - BY 

(1 - 


BP 

kP-^ ■ 


( 1 . 10 ) 


2 Preliminaries 

Let iX,fi) be a non-atomic probability space (i.e. /r(A) = 1). We give the 
following. 


Definition 2.1. A set F of measurable subsets of X will be called a tree if the 
following conditions are satisfied: 


(i) X gT and for every I gT we have /i(/) > 0. 

(a) For every I gT, there corresponds a finite or countable subset C'(/) C F 
containing at least two elements such that 

(a) the elements of Cil) are disjoint subsets of I 

(b) I = UCiI) 

(Hi) F= Um>o7(m), where 7(o) = {A} and T(m+i) = U/Gr(™)C'(-f)- 


(iv) We have limn 


supjgT-^^^ pil) 


= 0 . 


Then we define the dyadic maximal operator corresponding to F by (HH). 
We now give the following which appears in [1] 


Lemma 2.1. Let p > 1 he fixed. Then the function u!p : 

strictly decreasing, and if we define U on (0,1] by Uix) = 
U is also strictly decreasing. 


[ 0 , 1 ) 


we have that 
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Lemma 2.2. For every / S T and every a such that 0 < a < 1 there exists a 
subfamily iF{I) C 7” consisting of disjoint subsets of I such that 

(Uje:F(i) J) = m('^) = (1 - 

We also present the following well known which can be found in [3] . 

Definition 2.2. Let (j) : R+. Then (p* : (0,1] —>■ R+ is defined as 

the unique non-increasing, left continuous and equimeasurable to function on 

( 0 , 1 ]. 

There are several formulas that express p*, by using </>. Some of them, which 
can be found on [2, are as follows: 


(j)*(t) = inf{{y > 0 : fj,{x € X : (j){x) > y} < t}). 

for every t G (0,1]. An equivalent formulation of the non-increasing rearrange¬ 
ment can be given as follows 

4)*{t)= sup inf|(^(a;)|, for any tG(0,l]. 

ecx xee 

^(e)>t 

In one can see the following 

Theorem 2.1. Let g : (0,1] —>■ R."'" be non-increasing and Gi,G 2 be non¬ 
decreasing non-negative functions defined on [0,-boo). Then the following is 
true: 


sup 


J^GPMTfi)G2{P)dfi:cl>*=g^= G,(^^ G2{g{t)) dt 

An immediate consequence of Theorem 12.11 is the following 

Corollary 2.1. For any : {X,fi) —>• K+ integrable, and every G : [0,-|-oo) 
[0, -boo) non decreasing the following inequality is true: 

J G{A4t- 4>) dfj, < J G^— J (p*{u) du^ dt. 

We will also need the following, which can be seen in [3]. 

Lemma 2.3. Let 51,52 : (0, 1 ] — t R.’’’ be non-increasing functions, such that 

f G{gi{t))dt< f G{g 2 {t))dt, for every G : [0,-\-oo) ^ [0,-\-oo) 

Jo Jo 

non-decreasing. Then the inequality 

51 (f) < 52(0, 

holds almost everywhere on ( 0 , 1 ]. 
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3 Proof of Theorem A 


Lemma 3.1. For any (f) : (X,^) 
true 

{Mr<Pnt)<j f 


R+ integrable, the following inequality is 


4>*{u) du, for every t £ ( 0 , 1 ]. 


Proof. By Corollary I2.1l we have that 


GiMrcf)dfi< G(^- 


4>*{u) dw I dt. 


(3.1) 


But since G is non-decreasing we have that 

[G{M'r (f)]* (t) = G [{M.-rf')*] (t)y for almost every t £ ( 0 , 1 ]. 

Thus /o G [{Mr (f)*] (t) dt = /o [GiMr </')]* (t) dt = G{Mt </>) dg. < 
fo fo ^*('“) f’y dSH])- Thus by Lemma 1^31 we immediately conclude 


that 


(Mr (j))*(t) < ^ [ (j)*{u)du, 
t Jo 


(3.2) 


almost everywhere on (0,1]. Since now and {M-q-f))* are left continuous, we 
conclude that (13.21) should hold everywhere on (0,1], and in this way we derive 
the proof our Corollary. □ 


There is also a second, simpler proof of Lemma 13.11 which we present right 
below 

2nd proof of Lemma \3.1\ 

Suppose that we are given cf '■ {X,fi) —>• K+ integrable and t £ (0,1] fixed. We 
set A = 7 Jo (u) du. Then obviously A > 4>*(u) du = /, by the fact that 

(j)* is non-increasing on (0,1]. We consider the set E = {Aiq-ff > A} C X. 
Then by the weak type inequality (11.21) for Aiq-, we have that 


KE) < 


101 d/r 


A = 


0 *(m) dp < 


p(E) 


(fdp < 


rAE) 


p{E) 


0*(u)du, (3.3) 


where the last inequality in (13.31) is due to the definition of 0*. Since 0* 
is non-increasing we must have from (13.31) . that p{E) < t. But p{E) = 
\{{Mr4‘)* > ^}| since Mr(t> and [Mr are equimeasurable. But since 
[MrfJ* is non-increasing and because of the fact that p{E) < t we conclude 
that {(Afr0)* > A} = ( 0 , 7 ) for some 7 < t. Thus t ^ {(Afr0)* > 

(Air 0 )*(f) < A = i Jp 0 *(rt) du, which is the desired result. □ 

We are now in position to state and prove 
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Lemma 3.2. Let (j) : {X,^) R+ such that f^tpdii = f and dfi = F 

where 0 < < F. Suppose also that we are given a measurable subset K of X 
such that = k, where k is fixed such that k e (0,1]. Then the following 

inequality is true: 


/ (A^r </^>)^ d/i < / [(j)*{u)]P du ■ ujp\ —- z - - 


V \ P 


IK JO 

Proof. We obviously have that 


fK 


{Mrfirdqi< [\{Mrf^rnt)dt. 

JO 


We evaluate the right-hand side of f|3.4p . We have: 


[{Mr f))* {tW dt < Qy (j)*{u)du'^ dt, 


(3.4) 

(3.5) 


by using Corollary 13.21 On the other hand we have by using Fubini’s theorem 
that 


y (iy (/)*(u)du^ dt=j pxp-^ |te(o,/c]:iy f>*>x 

te( 0 ,fc]:iy r >a| 


ffk r+oo 

/ + / PXP- 

IX=Q J\=f^ 


dX = 

dA, (3.6) 


where fk is defined by /^ = i ^^{u) du > f = (/)*(m) du. 

The first integral in (13.61) is obviously equal to k{fk)P = AVe 

suppose now that X > fk is fixed. Then there exists a(X) G (0,A] such that 

^ du = X and as a consequence |t S (0, k] : j J* tf*(u) du > a| = 

(0, a(A)], thus e (0, k\ : \ fg (l)*{u) du > a| | = q;(A). So the second integral 


a(A) 

,C 

in dMl) equals 


f+oo /•+0O 1 / pa{\) \ 

/ pAP-^a(A)dA= / pAP-\ / <^*(u) dA 

Jx=fk J>.=fk A VJo / 


X=/fc J>^=fk 

by the definition of a(A). The last now integral, equals 


^S-CXD 


pXP 


-2 


'A=/fc 


'{t€{o,k]-Uo4>*M} 


4>*{u) duj dA = 


/ ^ 

lt=o p-i 


by a use of Fubini’s theorem. As a consequence p.6p gives 

P 


fi*{t)[xp-^]jJ«Ut, 

(3.7) 


pk / ^ P \ 

7^/-*‘<‘>(44 
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Then by Holder’s inequality applied in the second integral we have that: 


rt \ P 


0 Jo 


dt < — 


1 1 
p — 1 kP~^ 


+ 


p-1 




*]p 


rt \P 


0 \ ^ ^0 


(j)^ ) dt 


(p-i) 


(3.9) 


We set now 


/*fe / -j \ P pk nk 

J{k) = J J (j)*j dt, A{k)= J [0*]P and B{k) = J 0 *. 
Then we conclude by (13.91) that 

m < + ^^[A{k)]Hm] 


(p-i) 


J(fc) ^ 1 f [Bik)]P 


A{k) p—1 \kP ^A{k)j p—1 


+ 


J{k) 


(p-1) 


A{k) 


(3.10) 


J(fc) 

A(k) 


We set now in (13.101) A(fc) = 

1 / [B{k)]P 


A{k)P < — 


p — I \kP~^[A{k)] J p—1 


thus we get 

, P 


A{k) 


p-1 


p[A{k)r-^ - (p - i)[A(fc)]^’ > ;/ 

kp-^j,mp 


(fo^rr 


Hp(A(k)) > 


(i:rr 


kp-^ /o mp 


A(k) < UJp -r- 


J{k) < [ [(/>*]^ Wp 
Jo 


' ii:rr 

Yp-^iomp 


(3.11) 


At last by (13.4p . (13.51) and (13.111) we derive the proof of our Lemma. □ 

We hx now k € (0,1], and K C X measurable such that p,{K) = k. Then if 
A = A{k), B = B{k) as in the proof of the previous Lemma we conclude that 

J^iMr <^7 dp < Awp ■ (3-12) 

Note now that the A, B must satisfy the following conditions 

i) BP < kP~^A, because of Holder’s inequality for (j)* on the interval (0, k] 

ii) A <F, B<f 
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iii) (/ — BY < (1 — kY ^{F — because of Holder’s inequality for (j)* on the 
interval [A:,!]. 

From all the above we conclude the following 

Corollary 3.1. 

Bj{f,F,k) < sup ^ satisfy i), ii) and iii) a6oue| . 


Proof. Immediate. 


□ 


For the next Lemma we fix 0 < fc < 1 and we consider the function hk{B), 
defined as in the statement of Theorem A, for 0 < H < / Now by Lemma 12.II 
and the condition iii) for A, B we immediately conclude the following: 


Corollary 3.2. 

bJ if, F, k) < sup 




P 


for all B £ [0, /] such that hk{B) < 



, where hkiB) is defined above. 


(3.13) 


We now prove that we have equality in Corollary 3.2. Fix k £ (0,1] and B 
satisfy the conditions stated in Corollarv l3.2l We set A = F — and we 

fix a (5 £ (0,1). 

We use now Lemma [2^ to pick a family {Ji, / 2 ,...} of pairwise disjoint elements 
of T such that m(-O) “ ^ and since < A, using the value of (11.61) . for 

each j we choose a non-negative (fj £ U’ {^Ij, such that 

(j)Pdn= j^iilj), J^ (t)dn = ^nilj), (3.14) 

and {Mr(ij)i(l)j)Y dfi > 
where T(/j) is the subtree of T, defined by 


TiiY = {i&r-. iciY. 

Next we choose Y G LPiX\K, fi) such that d^ = F — A > 0 and 

Jx\KYdfJ- = f — B > 0, which in view of the value of A F — ) 

must be in fact constant and equal to ^ ^ ■ Here K stands for 

K = Ulj C X. Then we define (p = YXx\k + 4>jXij, and we obviously have 


(fp dyi = F and 


Yd^l = f. 


lx 


lx 


(3.16) 
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Additionally we must have by (13.151) that 


{M.-T-(j)Y> 5 Aui. 


' K 



5[F- 


(3.17) 


Letting 5^1 we obtain the equality we need in Corollary 13.21 thus proving 
Theorem A. 
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